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' Abstract. The graded parafermion conformal field theory at level A: is a close 

, cousin of the much-studied parafermion model. Three character formulas 

for the graded parafermion theory are presented, one bosonic, one fermionic 
' (both previously known) and one of spinon type (which is new). The main 

^ | result of this paper is a proof of the equivalence of these three forms us- 



ing q-series methods combined with the combinatorics of lattice paths. The 
pivotal step in our approach is the observation that the graded parafermion 
C^") ' theory — which is equivalent to the coset osp(l, 2)j,/u(l) — can be factored as 

s ! ' (osp(l, 2) fe /su(2) fc ) X (su(2) fc /u(l)), with the two cosets on the right equivalent 

to the minimal model M(k + 2, 2k + 3) and the Z^. parafermion model, respec- 
tively. This factorisation allows for a new combinatorial description of the 
^ ' graded parafermion characters in terms of the one-dimensional configuration 

sums of the (k + l)-state Andrews-Baxter-Forrester model. 
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1. Introduction 



A conformal field theory typically has many different formulations. For instance, 
it may be formulated (i) as the representation theory of some extended conformal 
algebra, (ii) as a coset model, (iii) as a free-field representation, (iv) in terms of a 
quasi-particle description. Moreover, within these different categories there can be 
more than one description, e.g., the model under study may be described in terms 
of an irreducible representation of more than one conformal algebra, or have more 
than one coset representation. Different constructions of the same irreducible mod- 
ules may lead to formally equivalent characters which structurally appear rather 
distinct. This poses the problem of establishing their direct equivalence. When 
successful, such a verification, in turn, places the physical argument underlying the 
construction of the characters on a sound basis. 

The aim of this work is to provide direct proofs — at the level of character 
representations — of different algebraic descriptions of graded parafermion theories. 
Since we rely heavily on the non-graded parafermion theory, we will first summarize 
current understanding of this more familiar and much better understood conformal 
field theory. 

1.1. Ordinary parafermion characters. The parafermion conformal theory 
[Hlj provides a good illustration of a conformal field theory with a multitude of 
formulations. The theory is defined by the algebra of parafermionic fields tp\ and 
%f[ of dimension 1 — 1/k and central charge 2(fc — l)/(fc + 2). The highest- weight 
modules are parametrized by an integer (Dynkin label) £ with < £ < k. We are 
interested in modules with fixed relative charge 2r, where r counts the number of ipi 

JFF is supported by FQRNT, PM is supported by NSERC and SOW is supported by the ARC 
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modes minus the number of tp\ modes. Suppressing the level k, the corresponding 
characters will be denoted by Xi,r(o)- Here the 'hat' has been used to distinguish 
ordinary and graded parafermion characters. 

The Zfe parafermion model is known to be equivalent to the coset 

The first derivation of an explicit expression for the parafcrmionic characters by Kac 
and Petersen relied on ll.lfl and identifies the characters with the coset branching 
functions. 

Let xi(x; q) denote the character of the su(2)fc integrable module of Dynkin label 
£ (with < £ < k), and let K m (x; q) denote u(l) character of charge m, associated 
to the current algebra of a boson compactified on an integer square-radius R 2 = 2k 
Sec. 14.4.4]. Then the branching functions associated to the coset l|l.lfl are 
given by the decomposition 

k 

(1-2) Xt(x;q)= ^2 b t:m (q) K m (x;q). 

m—l — k 

The above-mentioned identification of branching functions and parafermion char- 
acters implies that for m — £ even 

(1-3) h,m(<l) = Xe,m=l(<l)- 

(It can in fact easily be shown that bi^ m (q) — when m — £ is odd.) 

According to the Weyl-Kac formula, the su(2)fc characters are given by a ratio 
of differences of theta functions as 

<L4 ' X,M= e«,,;,)-eS,.;„ ' 

Using l|1.2|) , l|1.3|l and l|1.4|l , Kac and Petersen [21] obtained the following expression 
for the parafermion characters: 

(1.5) 



Xl,rW) = 2 



1 I | y"-V j (_ 1 y» g (^+l+(''+2j)(fe+2)) 2 /(4(fc+2))-(m+ 2 fe) 2 /(4fc) 
^ I V i>0 i<0 J 

_( ^2~Y^ ) (-l) l g( f + 1 -( i + 2 J')(' £ + 2 )) 2 /( 4 ( fe + 2 ))-( m + tfc ) 2 /(4fe) I 

V i>0 i<0 / ) 

j>0 j<0 

Here 2r = m — £ and 77 is the Dedekin eta function: rj(q) = q 1 ^ 24 (q; q)oo, with 
(q;q) n = n™=i(l ~ I 1 )- ^ ne superscript B attached to Xi,r{q) indicates a bosonic 
or inclusion-exclusion form — a characteristic inherited from the form l|1.4|) for the 
su(2)fc characters. 

Other derivations of Xt,r{o) have been given in the literature using a free-field 
representation (one boson and a pair of ghosts or three bosons and the 
BRST construction. This has led to bosonic expressions for the characters that are 
only superficially different from (|1 . f>|) - and can easily be proved to be equivalent by 
simple manipulations. 
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Shortly after the Kac-Petersen derivation, an intrinsically different formula for 
the parafermion characters was obtained. This is the famous Lepowsky-Primc 
expression 23; which yields the characters as a manifestly positive multiple-series 
or fermionic (F) form (see also ^U). Specifically, 

00 nC- 1 (n-e e ) 

(1.6) xUq) = q Al E r~? — - 

^+(c- 1 n)iez 

where e, denotes the ith standard unit vector in Z fe_1 (with eo — the zero 
vector), n = (m, . . . , Hfe_i) and C denotes the Afc_i Cartan matrix. (For more 
precise definitions of the employed notation, see Section [Op The exponent in 
the above is given by 

e 2 (i + if 1 

Yet a third expression for the parafermion characters can be obtained from the 
so-called su(2)fc spinon formula for Xi(q) which was conjectured in [S] and proved in 
[3 123 . Using (|1.2|l to extract the branching function from the spinon formula 
yields 
(1.8) 

^ q L(L+e+2r)/k+nC- 1 (n-e e ) k-l r + ^ 

x<?,r(<?) = (q;q)ooq 1 V — : — ; — r II 

where [ n ] is a g-binomial coefficient, and where the integers rrij can be computed 
from L and the n, by 



(2L + r)ei + - 2n 



with m = (mi, . . . , m.fc_i). 

Finally, a fourth form of the parafermionic characters has been obtained in |18j , 
relying on what can be called 'parafermionic representation theory.' The basic 
building block is the character of the parafermionic Verma module of relative charge 
2t, given by 

00 j+t 

p5 {q\q)j{q\q)]+t 

Combined with knowledge of the explicit structure of the singular vectors in the 
theory, the Verma character l|1.9|) leads to a second bosonic form of the characters 
as follows: 

(1.10) x? r (g) = IS" 1 { i + )J 

3=— 00 

x |v^_(fc +2 )j(g) - V r T . + ^ + i+(/ 5+2 )j(g)}. 

Viewed as formal g-series, the identities 

(i.n) xlAq) = xL(q) = xlM 
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have all been demonstrated in PHj • To complete the formal proof of the equality of 
all four parafermion expressions it remains to be shown that, for example, 

(1-12) xfAl)^xf'r(l)- 

We fill this small gap in the literature in the appendix. 

This concludes our review of character representations for ordinary parafermions, 
and next we turn our attention to graded parafermions. 

1.2. Graded parafermion characters. The present work is concerned with a 
demonstration — at the level of g-series — of the graded analogue of (|1 . 1 1|1 - that 
is, 

(1-13) xlM = xlM) = xiM- 

Here Xe.,rW) is a graded parafermion characters of relative charge r and Dynkin label 
£, to be introduced below. B, S and F again refer to bosonic, spinon and fermionic 
representations, each of which arises from a different algebraic formulation of the 
graded parafermion theory. 

Graded parafermions were first introduced in 0. The underlying algebra is 
generated by 'fermionic' parafermions V'1/2 an d °1 dimension 1 — l/(4fc) and 
central charge 

Q 

(1.14) c 



2fc + 3' 



The spectrum of the model has been determined in ]7j , and was shown to be equiv- 
alent to that of the coset 

(i.i5) 

where osp(l, 2)k is the affme extension of the Lie superalgebra osp(l,2). The latter 
is a graded version of su(2) obtained by adding to the usual su(2) generators J± 
and Jo, the two fermionic generators F± such that F± = J±. 

The equivalence between the graded parafermion theory and the coset (|1.15f) 
leads to the graded analogue of l|1.2|) and l|1.3(l : 

k 

(1-16) xe( x ;i)= ^2 Xe,m-t(q)Km{x;q), 

m—l — k 

where Xt(%\ l) denotes the character of the osp(l, 2)k integrable module of Dynkin 
label I (with < £ < k), and K m (x; q) again denotes the u(l) character of charge 

TO. 

A further analysis of the graded parafermion model has been presented in |2()j , 
resulting in an exact expression of the singular vectors and a description — in 
terms of jagged partitions — of the special nature of the spanning set of states. 
The resulting expression for the Verma character of relative charge t is given by 

i - X^hi 

1-17) V t (q) = t r— V |— v-. 

The associated character for the irreducible modules is an alternating sum over 
these Verma characters — encoding the subtraction and addition of the embedded 
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singular vectors — and reads @] 



x [V r 

-(2k+3)j(<l) — V r +2i+l+(2k+3)j (?)}• 



This is the bosonic formula for graded parafermions, one of the three central object 
of our work. Its underlying algebraic formulation is what could be dubbed the 
'graded parafermionic representation theory.' 

In Section 12.31 we present an alternative, purely analytic derivation of (|1.18(l 
along the lines of the Kac-Peterson derivation of 11.5JI , utilizing the branching rule 
(|l.ltjfl and the Weyl-Kac formula for the osp(l,2)fe characters. Unlike the non- 
graded theory, we have chosen to only work with a single bosonic representation, 
dispensing of the need for B'. 

The fermionic expression of a character reflects the construction of the corre- 
sponding module using a quasi-particle basis by a filling process subject to a gen- 
eralized exclusion principle. When the model is viewed directly from the point 
of view of the parafermionic algebra, the modes of the parafermion ^1/2 are the 
natural choice for these quasi-particles. A descendant can thus be represented by 
the ordered sequence of its modes, and up to an overall sign this sequence forms a 
jagged partition 20 . The generalized exclusion principle takes the form of certain 
(fc-dependent) difference conditions on parts of the jagged partitions. The gener- 
ating function of the restricted jagged partitions yields, up to a minor adjustment, 
the fermionic expression for the characters of the irreducible modules: 

(1-19) xlM = q he - c/24 

00 -n (rio+2£)/(4fe) + (" 2 +1 )+nC- 1 (n-n ei-e £ ) 

X \ 

nc-.i^o (q;q)n ---(q;q)n k ^ 

r+2 4 + "° +(C- 1 u) 1 gZ 

Here the exponent hg is given by the r = instance of (|2.1|l of Section 12.11 

Finally, we describe a third form for graded parafermion characters, referred to 
as a spinon formula. It is inherited from the following osp(l,2)fe analogue of the 
su(2)fe spinon formula: 



(L + -L_)/2 



m + mi 
m 



(1.20) X l{x;q)=q he - c/2A+f2/{Ak) - 1/2i 

L + ,L_ ,n ,--- ,n fc _i=0 
L ++L _+ no+t +(c _ lnheZ 

q [(L + + L^) 2 -(n„+e) 2 ]/(4k)+( n « + 1 )+nC- 1 (n-nae 1 -e e ) k-1 

(q;q)L + (q;q)L-(q;q)n 

where 

to = C -1 (L + + L_ + no)ei + ei — In . 

The formula 11.20fl for the osp(l, 2)^ character was initially conjectured using the 
analogy with the non-graded theory. In the non-graded context, the term spinon 
refers to the two components of the basic £ — 1 su(2)fe WZW primary field. In 
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the present case however, the doublet is traded by a triplet, the third component 
manifesting itself in the presence of the no mode in (|1.2Q(I . Its derivation from a 
spinon-type basis of states remains to be worked out. 

The expression for the parafermionic character that results from (|1.20() and (|1.16(l 
is, with L+ — L + r + £ and L_ = L, 

(1.21) 

OC 



L,no,--- ,«fc-i=0 

2L + r + a< + » +(c - ln)i{ 

q 



nC (n— Tio^i _ 



fc-1 

n 



(q;q)L(q;q)L+r+£(q;q) 

where 

to = C _1 (2L + r + I + n )ei + e t - 2n 
Our proof of 11.21(1 in Section [3] of course also confirms the validity of l|1.20f> . 

1.3. Outline of the proof of (|1.13fl . The proof of the equivalence of the three 
character representations l|1.18fl , i|1.19fl an d l|1.21|l is presented in Section [3J and 
forms the core of this paper. Due to its very technical nature, the proof may — 
certainly at first reading — not be very insightful. It thus seems important to point 
out the main ideas and underlying physics. 

Given our much better understanding of the non-graded parafermions, an ob- 
vious approach to establishing l|1.13fl is to connect with the non-graded character 
theory. To this end we use a little trick and write the coset l|1.15fl as 

fl 22 s oip(l,2) fc = osp(l,2) fc su(2) fc 

1 ' ' 0(1) su(2) fe 0(1) ' 

where the second coset on the right is that of ordinary parafermions, sec <|l.lll . In 
[111 12*2*] it was shown that 

(1.23) 5 f (1 ' 2)fe ^^(fc + 2,2fc + 3), 

where the right-hand side denotes the non-unitary minimal model of central charge 

c (fc+2,2fe+3) 6(fc + l) 2 

(fc + 2)(2fc + 3)' 

(The reader may readily check that -^if3 = c {k+2 > 2k+ ^ + 2( fc fc ~ 2 1) . ) 
Now let x-r P s P H,q) be the usual M(p,p') Virasoro character [Sj 



(i.24) ^') ((?) = J_ y: E °™ ^ 2pp ' 

Then, by (|T~2lS|) and 

- — „n oip(l,2) fc 
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we have 



(!-25) Xi{x; q) = Y] Xmm+i® {q)Xi{x; q) 



By l|1.2|) . (|1.3|) (plus be, m (q) = when m - 1 is odd) and (|1.16|) it thus follows that 
the decomposition (|1.22|l gives rise to 

(1.26) Xl,r-t(q)= E X^t 2 2^ 3) (?)x^(9)- 



i=0 
i=r ( mod 2) 

It is this formula that provides the necessary handle on l|1.13l) . 

Indeed, both the Virasoro and (ordinary) parafermion character on the right 
admit an interpretation in terms of the same combinatorial objects: the one- 
dimensional configuration sums Xrfs P ' (L, b; q) of the Andrews-Baxter-Forrester 
models. This leads to (see Section EOty 

(1.27) X l,r-t{q) = q h >--(r-0(r + t)/(Ak)-c/24 

~ n*/2 ~ q (2L+r-i)/2 



n=r+i ( mod 2) 

x £ X^t 2) (», i + 1; ^ 1 )^Kt 2) (M + r, 1; 9). 

2=r ( mod 2) 

Our proof of l|1.13fl basically amounts to showing that (|1.27|) is compatible with 
both 1|1.18|) and (|1.21|) . In the case of (|1.21|) this requires a combinatorial (sub- 
tractionless or fermionic) method for computing the sum over products of one- 
dimensional configuration sums, whereas in the case of i|1.18H our approach will 
be analytic in nature. Once the compatibility of (|1.27|) with (|1.18|) and (|1.2H is 
established, we have achieved the desired equality xf r (q) = X^ r {q)- 

Showing the remaining 

xlAq) = xl r (q) 

does not rely on (|1.27(l . but closely follows the approach of for proving 

xir(q) = xlAq) 

in the case of non-graded parafermions. 

Given that the bosonic formula (|1 . 1 S|> significantly simplifies in the large k limit, 
it is of interest to look for an entirely analytic derivation of the equivalence of xf r (q) 
and Xe r (q) m this limit. This will be the content of Section 0] 

2. Graded parafermions and osp(l,2) fe characters 

2.1. Graded parafermions. The graded parafermion conformal theory is defined 
by an algebra that generalizes the usual parafermionic algebra (i.e., ip n x ip m ~ 
ipn+m with ipk ~ /), by the addition of a Z2 grading ipi/2 x ipi/2 ~ V'i U 4- The 
new parafermion V J i/2 bas conformal dimension 1 — l/(4fc). Associativity of the 
operator product algebra fixes the central charge as in 1)1. 14f) The parafermionic 
primary fields 4>i are labeled by an integer I such that < I < k. If we denote the 
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corresponding highest- weight state by \4>i) 1 then modules over \4>i) can be decom- 
posed into a finite sum of modules with specific charge. The latter is normalized by 
setting the charge of i[ , i/2 equal to one, and is in fact defined modulo 2k only, since 
(Vh/2) ~ I- The highest-weight state of relative charge r in the highest-weight 
module labeled by £, has dimension 

/ \ (r) £(2k-3£) r(2£ + r) r . . w n 

(2-1) = - + max{0 , L(P + 1)/2J }> 

where h!f will be simply denoted as hi. 

In terms of the coset description Q1.15[) . the label I is the finite Dynkin label of 
osp(l, 2)k and r is related to the u(l) charge m by 

r = m — I. 

(r) 

With this identification, the dimension h\ can be rewritten as 
{m _ g) _ £(£+1) rr 



2(2fc + 3) 4fc 



max{0, L(m-£ + l)/2j}, 



which can be recognized as the difference (modulo integers) between the dimension 
of the osp(l, 2)t primary field with spin £/2 and that of the u(l) field of charge m. 

In order to specify the highest-weight conditions, let us recall that when acting 
on a generic state of charge t, denoted by \t), the parafermionic modes B n are 
defined as 

00 

^(z)\t)= ^ i/2fe ^ 1 5(i +2t )/4 fe+m |i), 

m=— 00 
oo 

i>\{z)\t)= J2 ^-^Bl^y^Jt)- 
m— — 00 

In the following, we use the more compact notation 

B n \t) := B n+(1+2t )/4k\t), Bt\t) := ■B n+ (i_ 2t )/4fcl*)- 

Then the defining relations for the highest-weight states \4>e) are 

B n \4> l )={) = Bl +l \fa), n>0. 

The dimension hi of the highest-weight state \<f>g) follows directly from these con- 
straints together with the generalized commutation relations induced by the op- 

(r) 

erator product algebra. The dimension h\ , in turn, is hi plus the dimension of 
{B-i) r for r > or (^)" r for r < 0. 

2.2. The Verma characters. The free module over the highest-weight state \4>i) 
can be decomposed into a direct sum of modules with fixed relative charge r. The 
states of the module of charge r > are of the form 

(2.2) B. Xl B. X2 ■ ■ ■ B- Xp Bl^Bl^ ' ' ' ^ l^>. 

where 



(2.3) 



p — p = r 
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and 

(2.4a) Aj > A i+ i - 1, Xi > A ?;+2 , A p > 1 

(2.4b) [ii > fi i+1 - 1, fii > n i+2 , fit > 0. 

Adopting the terminology of [201 we refer to the sequence A = (Ax, • • • , A p ) as 
a jagged partition of length p and weight Ai + • • • + X p . Clearly, the sequence 
/i = (/Ui, . . . , i-j. p ') then corresponds to a jagged partition of length at most p' . 

In order to compute the character V r (q) of the free module of relative charge 
r — Verma character for short — we denote by J p ^ and J p >.k — J2p=oJp,k the 
number of jagged partitions of length p and the number of jagged partitions of 
length at most p' . For example, the four jagged partitions of length 4 and weight 
5 are (3, 1, 0, 1), (2, 2, 0, 1), (2, 1, 1, 1) and (1, 2, 1, 1), so that J 4y5 = 4. We further 
introduce the generating functions 

oo oo 

J(z;q)=J2 J P^ zP = E J ^ zP 1 k 

p=0 p,k=Q 
oo oo 

p—0 p,k=0 



so that Jp(q) and J p (q) are the generating functions of jagged partitions of length 
p and of length at most p, respectively. Since J Pi k = Jp,k — Jp-i,k we immediately 
infer that 

(2.5) J(z;q) = (l-z)J(z;q). 

According to (|2.3|1 and l|2.4|) the Verma character is expressed in terms of the 
above generating functions as 

oo 

(2.6) v r ( q )= J2 J P (q)jp'(<i)- 

p 7 p'—0 
p—p'—r 

To obtain a closed form expression for V r (q) we need some standard g-series nota- 
tion. Let (a; g)o = 1, 

(2.7) (a;q) n = - aq k ) 
for n a positive integer and 

00 

(a; 9)oo = Y[(l-aq k ), \q\ < 1. 

fe=0 

Using that (a; q) n — (a;q) oc /(aq n ;q) 00 one can extend the definition l|2.7|l to all 
integers n. In particular this implies that l/(g;q)_ n = for n a positive integer. 
Returning to our calculation of the Verma character we recall that |3] 

(2.8) J(z;q)= { - Z 2 q ^°° . 
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By Euler's two formulae ^3 Eqs. (II. 1) and (II. 2)] 
(2.9a) ( z;g)oo ^ l > q . 

3=0 W ' q " 

(2.%) - — y^^ : 

(z;q)oo j^ (q;q)j 



it thus follows that 



g rv +1 )+j 

^ (q;q) P -2j(q;q)j 



(2.10) J p (q) = 

From and (EHJ wc find that 

J(z-q) = 1 (~ z g'g)°Q = (-z;g)°o 
1 - z (z 2 q\q) oc {z 2 ]q) oc ' 

Again using the Euler formulae this implies a companion to (|2.1()(l as follows: 

(2.H) -V(g) = E r r—1 r - 

p5 {q;q)p'-2j{q;q)j 

An alternative derivation of (|2.11|l follows from Lemma 17 and Equations (56) and 

(58) of 03]. 

Substituting (|?TTU|) and lj!TTT|> in results in 

~ (-^ +1 ) + (-' 2 - 2s )+ J 
V r (q)= £ 



/; ; , :0 (q; q) P -r-2i{q; q)i{q\ q) P -ij{q; q)j ' 

Shifting p — > p + 2j and then summing over p using the Durfee rectangle identity 
[El Eq. (II.8)] 

00 „k(k+a) i 

(2.12) E r w S — = 7^-' aeZ ' 

^ {q;q)k{q;q)k+ a {q,q)c- 



k=0 



yields the expression for the Verma character of relative charge r given in i|1.17fl . 
This should be compared with the quadruple sum representation for V r {q) of 0]. 

The Verma character is the character of a generic highest-weight module not 
containing singular vectors. Modules over |<^) are highly reducible. A closed-form 
expression can be obtained for the singular vectors, from which their dimension and 
charge are easily read off. The irreducible modules arc thus obtained by factoring 
these vectors using an exclusion-inclusion process. As a result, the characters of 
an irreducible module of relative charge r are expressed as the alternating sum of 
Verma characters given in (|1.18|) . 



2.3. The osp(l, 2)^/2(1) branching functions. In this section we rederive (|1.18|) 
through a direct computation of the branching functions l|1.15[) . This derivation is 
analogous to the one presented in the appendix for (|1.1U|) . 
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The character of the osp(l, 2)k integrable module indexed by the integer Dynkin 
label < £ < k is PH App. A] 1 

( " 3) xM= e$V,,)-e!™(.;,> ■ 

(k) 

Here 6J„' is the theta function 

(2.14) &<£>(x;q)= g fc ( n+ ^) V fe ( n+ 



2k ' 



n— — oo 



The u(l) character for a module with u(l) charge m is 

K m (x;q) = &m j- X ' ^ . 

This form manifests the symmetry 

K m (x;q) = K m+2k (x;q). 

The claim that the graded parafermion characters arise as the branching func- 
tions of the 6sp(l, 2)fc/u(l) coset translates into the identity (|1.16|) . The aim of 
this section is to show that this is in accordance with the bosonic representation of 
Xi,r{q) as given in (|1.18|) . 

In passing we note that the osp(l, 2)& string functions are defined by the decom- 
position 

k 

Xi{x;q)= 4. («) e m } (*;?)» 

m—l — k 

so that l|1.16Jl is equivalent to 

Now, to obtain a formal expansion for the character xt( x 'i q) we use the quintuple 
product identity (151 Ex. 5.6] 

oo 

]T q'^ n - 1 ^ 2 x 3n (l-xq n )^(x, q /x,q;q) oc (qx 2 , q /x 2 ;q 2 ) 00 , x ± 0, 



71 — — OO 



where (ax, (ii-, ■ • ■ •> ®k\ q)n — ( a i] ^)n(^2? q)n ■ ' ■ (&fei q)m to rewrite the denominator 
of Q2.13JI (where we have set x = y 2 ) as 

oo 

ef/ 2 2 V;s) - Q ( -i/l(y 2 ;q) = <z 1/2 V 1/2 £ g^-wya - vf) 

n— — oo 

= q 1/24 y~ 1/2 (y, q/v, q; q)oo{qy 2 ,q/y 2 ; q 2 )oo 



(-y,-q/v,o)c 



By a double use of l|2.9b[) we obtain 
1 ^ 

^ (q;q)i(r,^ji 



1 * — n J r~ J 

(2-15) t — r^=EArT- M<N<i- 

(x, g/ar; g)^ f-^ {q; q)i{q; q) J 



^Recall that for osp(l,2), the dual Coxeter number is 3/2 and the Weyl vector is p = ui\/2 
where uj\ is the su(2) fundamental weight. 
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This and the Jacobi triple product identity ^3 Eq. (11.28)] 

oo 

(2.16) J2 q^x n = (-x,-q/x,q;q) 00 , x ± 0, 



71— — OO 



imply that 

{-y-qly;q) 00 _ 1 y y y"+*-V q ®+' 

(y 2 ,q/y 2 ,q;q)c a f?;?)^^^ {q;q)i(q;q)j 
fe^oc^^ {q\q)i{q;q)j 

1 OO 

where the last equality follows from l|1.17fl • We thus arrive at the following expan- 
sion of the denominator of l|2.13(l in terms of Verma characters: 

1 1/4 00 

= ^ E *- n/2 w 



<xe{±i} 

Multiplying the above expression by the numerator of l|2.13|l yields 



x J X] q) = ^— Y a Y x -n/2+m+3)/2+a(e+l/2)/2+l/4 
/W <tG{±1} J>=-oo 

We now arrange the x dependence into sums over the u(l) characters. Shifting 
n — > n — (2k + S)j — a(i + 1/2) + 1/2 and replacing j by aj this is achieved as 

1 v v l,„,,^f-, 21+1 

*(*;«) = 4t E ^" /2 E , 5(2fe+3) ^ + OT) 

v ■* ' n— — 00 j — — 00 

(9) 

CT e{±i} 

00 

— -r.-™/ 2 „™ 2 /4fe^ („\ 

- ~~rx 7 , x q Xt,n-t(fl)- 
r)(q) ^ 

' x A/ n — — 00 

with xe,r{q) given by l|1.18[) . To complete the decomposition of the osp(l,2)/. 
character, we set n = 2k j + m with 1 — k < m < k and use the symmetry xt.m(q) = 
Xi,m+2kj(q)- This gives 

k 00 qk(j+rn/2k) 2 x -k(j+rn/2k) 



v(q) 

m=l-k j=-oo 
k 



= y Xe.m-e(q)K m (x;q) 



=i-fc 



in agreement with l|1.18(l and p. 16(1 . 
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2.4. Fermionic parafermion characters. Fermionic forms for the characters of 
the graded parafermion models were first constructed in Correcting a minor 
misprint, the result of 0] states that 

(2.17) xlM) = q he - c/2i 

\ 

no,...,n fc _i— U 
n +2N=r (mod 2k) 

with Ni = ni + --- + n k -i, N = N 1 + ■ ■ ■ + N k _i and N k = N k+1 = 0. 

The above fermionic form encodes the combinatorics of the graded parafermionic 
quasi-particle basis constructed in j20j ■ This basis is described by states of the form 

S_ Al B_ A2 ---B_ Ap |^) 

for p = mk + r. Here the Xi are again subject to 1)2.4(1 with X p > 1, but — in the 
case of strictly positive k — are further constrained by 



> Aj + 2fc-i + 1 or Xj — Xj +1 — 1 — Xj+2k-2 + 1 — Xj- 



2k— 1) 



for all j < p - 2k + 1. 

In the derivation of l(2.17|l it is understood that r > (that is, we act with r 
modes modulo k on the highest-weight state). We shall later show, however, that 
the expression l|2.17|l obeys the formal symmetry relation 

(2-18) Xe,r{q) = Xi-r-2t{q)- 

This will allow us to interpret X£,r(q) f° r a U integers r. 

To connect with the fermionic form for the characters stated in (|1.19|) we first 
need to replace rij —> n k -i for 1 < i < k — 1 and use the symmetry (|2.18|1 . Then 
introducing the vector notation 



fe-i fe-i 

A ij u 3 



vAv = WiAijVj and (Av)i = A 

i,j=l j=l 



for w, v G Z fc 1 and A a square matrix of dimension k — 1, we get (|1.19|) with C 
the Afc_i Cartan matrix: 

(2.19) C^=Tmn{i,j}-' L ±, 

Ci the ith standard unit vector in Z fe_1 (with eo = e k the zero vector) and n = 
(tii, ■ ■ . ,n fe _i). 

We note that since the entries of C" 1 are integer multiples of 1/k, the restriction 
imposed on the sum over the tii in H1.19|l implies that the summand vanishes unless 
tiq — r is even. 



3. Proof of B = S = F for graded parafermions 



This section, in which we prove the equivalence of the bosonic, fermionic and 
spinon forms of the graded parafermion characters, forms the core of the paper. 
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3.1. Main results. Normalising the characters in Ijl.l3|l we set out to prove the 
following theorem. Let 



(3.1) 



n 




n 


k_ 




k_ 



(<?; q)r 



{q;q)k(q;q) n -k 
o 



k e {0,1,. 

otherwise 



be a g-binomial coefficient, and assume the vector notation introduced in Sec- 
tion E3I 

Theorem 3.1. Let k be a positive integer. For I £ {0, . . . , k} and r G Z there holds 

oo 

(3.2) £ q mk+ ^ +2l+1)/2 {v r ^ (2k+ ^ 

(q-g)^ \ ^ q L(L+r)/k+(r-e-n )(r+e+n )/(ik) + ( n o + 1 ) 



j = -oo 



E 

-L,n ,...,n fc _ 1 =0 

2L + r + e+n " +(C- 1 n) 1 & 



<1 



nC 1 (n — riQCi— e^) ^__3 



(<?; q)L(q;q)L+r(q;q)no 



n 



m 



E 



(r-£-rio)(r+£+rio)/(4fc) + (" 2 +1 )+nC" 1 (n-n e 1 -e J! ) 



n ,...,rifc-i=0 
'•+ f 2 t" Q +(C- 1 n) 1 gZ 



(?;<?)r 



(9;<?)« fc -i 



iJere the mi in the expression after the first equality follow from 



(3.3) 



= c- 1 



(2L + r + no) e i + e£ — 2n 



Similar to our earlier comment we remark that the summands of the two multiple 
sums on the right vanish when no + r + £ ^ (mod 2). 

For the sake of brevity we write the statement of Thcorcm l3.1l as 

(3.4) ^ r (q) = 1>lM = i>lM- 
Comparison with l|1.18l> . (|1.19|l and 11.2111 shows that 

(3.5) Xi,r-M = g ^-^+«- c / 2 V^(9) 

so that 13. 4|) implies (|1.13|l . 

The remainder of this section will be devoted to a proof of Theorem 13.11 par- 
tially by analytic and partially by combinatorial means. Because of the length and 
complexity of the proof, we will state the main intermediate results leading to the 
theorem in the form of three propositions. Section 13.21 will provide some further 
insight into the origin of the first proposition (which essentially is a restatement of 
H1.27f l'). Then, in Sections 13. 3H3. 51 each of the propositions will be proved. 

Before we can state our first proposition we need to recall the definition of the 
one-dimensional configuration sums of the Andrews-Baxter-Forrester model, given 
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by 0E] 

oc 

(3.6) X^/\L,b;q)= ) q 3(pp']+p'r- P s) 



(L + a-b)/2-pfj 

j — 1 — 1 

_ Q (pj+r)(p'j+s) L 

[(L-s-b)/2-p'j, 

Here p,p' , r, s, b and L are integers such that 1 < p < p' , 1 < b, s < p' — 1, < r < p, 
and L + s + b = (mod 2). 

Our first proposition allows for the rewriting of the left-hand side of H3.4J1 in terms 
of one-dimensional configuration sums, and may be recognized as a normalized 
version of ljl.27jl . 

Proposition 3.1. For r an integer and I £ {0, . . . , k} there holds 



t^o to q ' n j~~o ( q; q ' L ^ q; q ' L+r 



n=r+i (mod 2) 

x £ *&£ 2) M + 1; g- 1 )^^ 2 ) (2L + r, 1; 

i=r ( mod 2) 

Since l/(q;q)- n = for ?i a positive integer, the lower bound in the sum over 
L may be replaced by max{0, — r}. By shifting the summation index L — ► L — r it 
thus follows that ipi,r(l) = V'f, -?-(<?)• By i|3.5[) this implies Xi.r-iil) = Xi.-r-e(q) 
thereby establishing the previously claimed symmetry H2.18(l . 

The next proposition provides a fermionic representation for the second line in 
the above expression. 

Proposition 3.2. For L, M integers and I G {0, . . . , k} such that 
(3.7a) L + M + £ = (mod 2) 

there holds 

(3.7b) J2 ^ffM^l;?- 1 )^ 21 ^,!;?) 



9 



i=0 
i=L (mod 2) 



(L 2 -(M+f) 2 )/(4fc)-(L-M-£)/2 



E 



1 (n-Afei-e i ) 



fc-1 

n 



Here the mi follow from 

(3.7c) m = C~ x \{L + M)ei + e e - 2n . 

Clearly, combining Proposition 13.11 fwith n — » no) and Proposition 13.21 fwith 
M — > n and 1/ — > 2i + r) results in 

^r(9) = V>f,r(<?)- 

Our third and final proposition is essentially a formula from 28 . 
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Proposition 3.3. For r, no integers and I — {0, . . . , k} such that 

n Q + r + I = (mod 2) 

there holds 



E 

L=0 



7 L(L+r)/fc 



{q;q)L(q;q)L+r 



E 



q 



iC (n—iiQei—ei) 



k-1 

n 



Ui + mi 

11: 



2L + r+t+n +{c - ln)i& 
1 



(<?; <?)c 



E 



9 



nC 1 (n — npei— Cf) 



{q;q) ni ■■■(q;q)n k - 1 ' 



+ (C- L n) 1 & 



with the vtii determined by l|3.3(l . 



Applying the above to the first expression on the right of (|3.2|) . i.e., to tpf r (q), 
yields 

3.2. From (|1.2(i|) to l|1.27|l . In this preliminary section, which is not part of the 
proof of Theorem 13.11 we complete our earlier discussion and show how the coset 
decomposition l|1.22|) naturally gives rise to the character expression l|1.27|l . This 
in particular motivates Proposition 13.11 and . to a lesser extend, Proposition ^. 21 

We already sketched (no actual proof of (|1.25|) has been given) how (|1.22|) leads 
to l|1.26fl . To transform this into l|1.27fl we need to express both characters in the 
summand on the right in terms of onc-dimensional configuration sums. 

In the case of the Virasoro characters Xr P s P (<?) this is not difficult. Of course the 
simplest connection between Virasoro characters and configuration sums follows by 
taking the large L limit in the latter: 



X^f'Hq) = km X^/\L,b;q) = ]T {q 

j=—oo 

Here Xr P s P \q) = 1 + 0(q) is the normalised character 

(3.8) X^' ) ^)=^ P ' , - c(P ' P ' )/24 xfe p ' ) W, 
with 



j(pp'j+p'r~ps) _ q(pj+r)(p'j+s) 



1 



VP 



hi™) = 



(p'r — ps) 2 — (p' — p) 2 
App' 



the central charge and conformal weights of the minimal model M.(p,p'). 

There is however another way in which the Virasoro characters follow from the 
configuration sums, and by a straightforward application of H2.12(l and 
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finds 



n 2 /2 



(3-9) x^'- p \<i) = Q- {s - b)2/2 E ^j; x ^' )Mq ' l) 



n=0 
n=s+b (mod 2) 



The problem of expressing the parafermion character xn t r{q) in terms of config- 
uration sums is a lot more difficult, but has been fully resolved in |29l Cor. 4.2]. 
Using this result with p = 1 and p' = k + 2, we find 



! +( l 2 -r 2 )/(4fc) x o P t+h 2L + r A;q) 



h,r{q) = (<?;g)oo9 Z 



E 

L=0 



(<7;<z)z.(g; g) 



L+r 



with Aj given by lfl~7)l . Also using 29, Eq. (2.9)] 

(3.10) X tf/>(£,l;g) = g ( £ - +1 )/ 2 JrJ/ ) (L > l;g) 

and H1.3[l this yields 

g (2£+r-0/2x££ 2) (2L + r,l; ? ) 



x^( 9 ) = ( 9 ; ( z)oo g A ^-^ /(4fc) E 



L=0 



L+r 



Substituting this as well as (|3.9|l (with p = 1, p 1 = k + 2, r = 1, s = i + 1 and 
6 = ^+1) into (|1.26|) (to this end we also need results in (|1.27(l since 



, (fc+2,2fc+3) _ J_ (fc+2,2/c+3) , A 

"i+i^+i 24 4 



Ak 



l-i 



= he 



4k 24' 



3.3. Proof of Proposition HTTTl By (I3.9|l and (|3.1U|I Proposition 13 . II can be sim- 
plified to 



V^r(<7) = (q;q)oo E 



l 



L=0 



{q]q)L{q;q) 



L+r 



E q^^^iq)X^i2L + r^ q) . 



i=0 
i=r ( mod 2) 



Next we apply the following lemma with p — 1 and p' = k + 2. 
Lemma 3.1. For P = p' and P' = 2p' — p, 

(3.H) E ^hf + \%Aq)4 p ih 2L + >■> i; 



i=0 
i=r (mod 2) 



oo 

1 >p pj(P'j+2£+l)/2+( 



2L + r 
L + n 



2i + r 
L + n - 1 



Hence, 



E 

L=0 



1 



{q;q)L{q; q) 



L+r 



2L + r 
L + n 



2L + r 
L + n-1 
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This can be further transformed by yet another lemma. 
Lemma 3.2. For n and r integers, 
1 



E 



L=0 



2L + r 
L + n 



2L + r 
L + n- I 



1 OO 

1 y 

(q;q)oo ^ 



q> 



(<?; q)j (q; q)j- n (q; q)j (q; q)j+ n - r -i 

Thanks to this second lemma we are left with 

1 V „j((2fc+3)i+2^+l)/2 



(q;q)c 



oo oo 



E E * ( 



2„ + f-r+(2fc + 3)j 



m—n {q;q)m(q; q) m-\-n — r—l 



rn—0 n— — oo 

Finally replacing n — > m — n and n — > n — m + r + 1 respectively in the two sums 
over n on the right, and recalling (|1.17|) . we find 

1 oo 

= r\~ E ^ i2k+3)3+2e+1)/2 {v r ^ {2k+3)j (q) V r+e+1+(2k+3)3 (q)} 

in accordance with the left-hand side of i|3.2|) . 

Of course we still need to prove Lemmas I3.ll and I3.2I 

Proof of Lemma \3.1\ The proof of (|3 - 1 1 1> is rather simple. In the double sum on 
the right we replace n — > p'n + (r — i)/2 followed by j j — n. Hence, since p' = P, 

2p'-2 

j = -oo 



i 

{q;q)c 



y qi'T) y „./i '■'/''.,- /-N 2- 4 I ,-]■>' ,, + J ,, 



i=r (mod 2) 



E 



71— — OO 



pn(p'n — i — 1) 



2L + r 
(2L + r -i)/2+p'n 

2L + r 
(2L + r -i-2)/2+p'n 



2p'-2 



{q;q)c 



E q^X^(2L + r,l ]q ) 



i=0 
i=r ( mod 2) 

oo 

x > q 



y „j(pp'j+P{u+i)-p'(i+i)) 



Next we use 



2p'-2 p'~2 

E = E (fi+i + hp'-i-i) 



i=0 
i=r ( mod 2) 



provided that f, p > = 0. Since 
(3.12) 



i=0 
i=r ( mod 2) 



x£?V,i;<?) = o 
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this may be applied to the sum over i. Also using 

X$Q(L, 1; q) = -Q^'-^X^l^L, 1; q) 
(this in fact implies (|3.12() *) yields 

1 p '~ 2 

RHSjnil = 7— ^- E <i^ %)x w( 2L + r > !i 1) 
\Q> Q)c- 



i=0 
i=r ( mod 2) 



x ^2 ^ q l( pp 'j+ p ( 2e + 1 )- p '( i + 1 )) _g(^0'-l)+i+l)(^'(j'-l)+2^+l)\ 
j=-oo 

Replacing J — ► J + 1 in the second term in the sum over j completes the proof. □ 

Proof of Ltmma W^ We will show that 
(3.13) 

(ab; q) 2 j q J 



(«-&)E 



E? J 



j -^ ) (q,aq,bq,ab;q) j ._ o 



(9, a?; 9)00 (g, ?)j(a«; g) c 



Letting a — » ag", & — > 6g r 11+1 this gives 

y (abq; q) 2]+ r(aq 1+n - bq^+ r ~ n + 1 ) 
(q; q)j {abq; q) j+r (aq; q) j+n (bq; q) 3+r - n+1 



E 



aq 



■3+n 



bq 



j+r— n+1 



I {T, q)j(aq; q)j+n{bq] q)oo (q;q)j(bq;q)j +r - n+1 (aq;q) c 

Shifting j — > j — n and j — * j — r + n — 1 in the two terms on the right and putting 
a = b = 1 yields the claim of the lemma since 

(qi +n -q j + r - n+1 )(q;q) 2j+r 



(q;q)j+n(q;q)j+ 



r— n+1 



"2j + r" 




2j+r 


j + n_ 




j + n - 1 



Equation (jXTSjl is similar to |jS3 Eq. (4.3)] and Thm 1.5] and the proof 
proceeds accordingly. First we multiply both sides of (|3.13|l by (aq, bq] q)^ and use 

(a;q) oa /(a;q) n = (aq n ;q)ca to obtain 



(<*-&)£ 

3=0 



qi(abqi;q) 3 (aqi+ 1 1 bqi+ 1 ;q) c 



E^ 



J «(ag j+1 ;g)oo _ W +1 ;g) c 



Next we expand each of the g-shifted factorials depending on a and/or b by (|2.9a() 
or the (/-binomial theorem ^ Eq. (3.3.6)] 



^(-l)" a »g(S) 



n=0 



= (a;<?)M- 



This results in 

(_ 1 )fc+i+n a fe+n^+n g C't 1 ) + ( ! t 1 ) + (2)+j( fc + i +«+ 1 ) 



E 



(<?; q)n(q; q)j~ n (q; q)k{q; q)i 



E 

i,fc=0 



jfc+1 _ 6 fc+l (_ 1 )fc g ( fe t 1 )+J'(fc+i) 



a — b 



(q; q)j{q;q)k 



20 



FORTIN, MATHIEU, WARNAAR 



After the shift j —* j + n on the left, both sums over j can be carried out by Ij2.9bj) . 
leading to 



k,l,n=0 



( _ 1)fc +/ + « afe+ n 6 /+, l(Z ( fc J 1 ) + ( i + 1 ) + (;)+n(fc+i+n+l) ((? . (?)fe+(+n 



{q;q) n {q;q)k(q;q)i 



°° n k+l uk+1 ..... 

£!L_-!_(-i)* g ro. 



fe=0 



Equating coefficients of a k b l and performing some standard manipulations yields 



;. -/.-;. , , , „ki (q;q)k(q;q)i 



(q;q) 



k+l 



Here 



XI U U \ ' " ' ) a r+l > q)n n 

= r+ i</) r (ai, • • • , a r+1 , 6 r ; g, z) = > — — z 

^ (&!■•■ ,b r ,q;q) n 

is a basic hypergeometric series, see |15j . Summing the 2 4>i series using the g-Chu- 
Vandermonde sum 15, Eq. (II. 7)] 

(c/a;q) n 



201 (o,g n ;c;q,cq n /a) 



(c; g)r 



completes the proof. 

It is interesting to note that l|3.13[) admits the following bounded analogue 

M 



□ 



( -6)£y 



A/ 



j=0 



(ag; g)j(6g; <?)m-j (^; ?)i( a 9! q)u-j 



We leave its proof (which is surprisingly difficult) to the reader. 

3.4. Proof of Proposition 13.21 In [301 a combinatorial technique was de- 
veloped to obtain fermionic representations for the one-dimensional configuration 
sums 

X^f +1 \L,b ]q ). 

Combining this technique with the work of Berkovich and Paule 5 on generaliza- 
tions of the Andrews-Gordon identities results in Proposition ^. 21 More precisely 
we will first show — following the method of [S] — that (after a simple rewriting) 
the left-hand side of l|3.7b|) may be interpreted as the generating function of a par- 
ticular set of lattice paths. We will then use the method of [301 133 to show that 
this generating function permits a fermionic form in accordance with the right-hand 



side of l)3.7bjl . The details of the proof marginally differ according to whether 1 = 
or £ <E {1, . . . , k}. We will first treat the I = case in full detail and then point out 
the relevant differences with £e {!,...,&}. 
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Our initial step is to take 1)3. 7bj) with £ — and use .29, Eq. (2.3)] 

(3.14) X^/\L,b;q) = q^-^X^r'HL^q- 1 ) 

followed by 1)3.10(1 to transform the left-hand side. On the right-hand side we use 
(|3.7cll to eliminate n in the exponent of q in favour of m. As a result we obtain the 
£ = instance of the more general identity 



(3.15a) 



E I e(e - 2l+1)/4 xti (¥, I + 1; (L, 1; g" 1 ) 



i=0 
EL (mod 2) 



E 



\mC m— h Lm\ 



k-1 

n 



m = C 1 (L + M)ei + e fe _ f - 2n 



L + M + I = (mod 2) 



£e {0,...,fc-l}. 



where 
(3.15b) 

and 
(3.15c) 
and 
(3.15d) 

What we will set out to do is to compute the generating function of lattice paths 
contained in a strip of height k starting in (— L, 0) and terminating with a step 
from (M, t) to (M + 1,^ + 1). More precisely, starting from (-L, 0) we carry out a 
sequence of north-east (up or +) and south-east (down or — ) steps (an up step is 
from (x, y) to (x + 1, y + 1) and a down step is from (x, y) to (x + 1, y — 1), with 
x, y integers) such that the y coordinate of each vertex along the path is always 
nonnegative and never exceeds k, and such that the last step is in the north-east 
direction and terminates in (M + 1,^+1). An example of such a lattice path is 
shown in Figure ^ Obviously there are no admissible paths unless (|3.15c|l and 
(|3.15d(l are satisfied. The shape of a path is given by its sequence of consecutive 
steps, ignoring the actual positions of the path's starting and ending vertices. The 
shape of the path of Figure is 

(+,-,+,+,-,+,+,+,-,-, -,-,+,+,+,+,- -,+,+). 

To a path P we assign a weight (or statistic) W(P) given by the sum of the 
x-coordinates of vertices of the type shown in Figurc[2 For example, the weight P 
of the path of Figure ^ is given by 

+ 3 + 4 + 6 + 7 + 8 + 10+11 + 12+14 + 16. 



The aim is to compute the generating function 

G t (L,M;q) 



E^ (P)/2 ' 
p 



where the sum is over all admissible paths P. The rationale behind the half in the 
exponent on the right is the fact that W(P) = (^l, 1 ) — IL (mod 2) so that, up to 
a possible overall factor q 1 ^ 2 , Ge{L, M; q) is a Laurent polynomial in q. 
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5 - 




15 10 M 



Figure 1. Example of path P with k > 4, L = 3, M = 16 and I = 3. 




Figure 2. Vertices of weight x. 



Our first method of computing Gg(L,M;q) closely follows 0, and, as we shall 
see shortly, gives the left-hand side of (|3.15a|l . First let us introduce the analogous 
problem of computing lattice paths in the strip with the same bounds on the y 
coordinates but with initial vertex (0, i) and final two vertices (L, £), (L+l,£+l). 
Defining the same statistic as before we denote the generating function of such 
paths by G it i{L\ q). 

After L steps a path P from (— L, 0) to (M,l), (M + 1,^+1) crosses the non- 
negative y-axis at some vertex (0, i), where < i < k and i = L (mod 2). Because 
this vertex has x-coordinate equal to zero, the 'local shape' (i.e., (+,+), (+,—), 
(— ,+) or (— , — )) of the paths when crossing the y-axis will not affect the weight 
W(P). Consequently, one may view P as the concatenation of two lattice paths 
P + and P_, the former starting at (0,z), pointing in the positive x-direction and 
terminating in (M, £), (M + 1,^+1) and the latter starting at (Q,i), pointing in 
the negative x-direction, and terminating in (— L, 0), (— L — 1, 1). (The addition of 
the final up-step from (— L, 0) to (— L — 1, 1) is permitted since it will not change 
the weight of P_. Indeed the final two steps of P_ will now be (— , +)). The path 
P_ may be reflected in the y-axis so that it becomes a path pointing in the positive 
x-direction, starting at (0,i) and terminating in (L,0) to (L + 1, 1). Since the re- 
flection negates the weight of P_ we need to replace q by g _1 in the corresponding 
generating function of P_ type paths. At the level of the generating function the 
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Figure 3. Example of path P with particle content 
(m, n 2 , n 3 , n 4 , . . . ) = (2, 5, 0, 1, 0, 0, . . . ). 

above decomposition thus becomes 

fc 

G e (L,M;q)= G he (M;q)G h0 (L;q- 1 ). 

i=0 
i=L ( mod 2) 

Since Gi/(0;q) = 6^ this includes the obvious relations 

G e (0,M;q) = G o , e (M;q) and G t {L, 0; g) = G^, (£; q~ l ). 

The Gi^(L\ q) may be computed from a simple recursion, and quoting the result 
of [2] we have 

(3.16) G i4 {L- q) = 9 (^)(i-^-i)/4 x (W+2) (L> £ + 1; q) 

The generating function Gg (L, M; q) is thus found to be 

G t (L, M; q) = fl ' * X&X^ (M, t + 1; q)X^ k+ ^ (L, 1; g _1 ) 

i=0 
2=L ( mod 2) 

in accordance with the left-hand side of l|3.15a|l . 

The second method of computing Gg(L, M;q) closely follows [301 OH] where it 
was used to find fermionic representations for the generating function Gi : i{L;q). 
The method amounts to interpreting an admissible path as a collection of charged 
particles with charges taken from the set {1, . . . , k} (the charge being the effective 
height of a particle). Hence each admissible path P may be assigned a sequence 
of integers {n%, . .. ,rik) where nj is the number of particles of charge j in P. For 
example, the decomposition into particles of the path in Figure [3] is indicated by 
the dotted lines, and this particular path has n\ = 2, = 5 and — 1 and all 
other nj — 0. Because a path has fixed initial and final vertices, the rij are subject 
to the constraint 

k 

2 jrij = L — i — i. 

3 = 1 

The important point of the combinatorial method is that the generating function 
of paths with fixed sequence (m, . . . ,rifc), i.e., with fixed particle content may easily 
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Figure 4. Minimal path corresponding to the path of Figure [3] 
with k = 6. All particles are moved to the right as much as possible 
and arranged in decreasing order with respect to charge, such that 
the maximal height of the path does not exceed k and such that 
the final step remains upwards 



be computed, and as a special case we quote [21 Prop. 3] 

fc-1 r 



(3.17) 



G 0/ (L;n 1 ,...,n k ;q) = qi mCm l[ 



rij + TTij 
n a 



where the m; follow from 



(3.18) 



Lei + e k -e — 2n 



and where the rij are subject to 



(3.19) 



L — I. 



3=1 



The term imCm in the above summand is the weight of the 'minimal path of 
content (rii, . . . , rife)' corresponding to the special type of path shown in Figure 01 
All other paths with the same content have a weight of the form jmCm + N where 
N is a positive integer, and together they generate the product of q-binomials 
in (|3.17() . The value of N for a non- minimal path P is given by the number of 
'elementary' moves required to obtain P from its corresponding minimal path P m i n , 
and, importantly, only depends on the shape of a path. We refer the reader to 
(HOll^ for the precise details. 

Let us now return to the problem of computing the generating function Ge(L, M; q). 
Since we can again make a particle decomposition of admissible paths, we may first 
try to compute Gg(L, M; rii,..., q). This follows from Go t e(L; n±, . . . , n^; q) by 
carrying out the following two transformations, the first acting on the generating 
function and the second acting on the actual paths. 

(1) Replace L by L + M in Gq^(L; m, . . . , nk', q), so that we are counting paths 
from (0,0) to (L + M,£), '{L + M + 1,1 + 1). 

(2) Translate each path counted by Go,i(L + M; m, . . . , rife; q) exactly L units 
to the left. 
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The first transformation simply means that Ij3.18|) and (|3.19|) need to be replaced 
by dHHB and 



(3.20) 



k 

2 ^2 i n 'j = L + M 
i=i 



The second transformation has a more subtle effect. The weight of a path is com- 
puted by summing up the x coordinates of (+,+) and (— ,— ) sequences of steps, 
and it is non-trivial to relate the weight of a left-translated path to its weight before 
translation. However, the crucial observation is that the weights of all paths with 
the same content (rii, ... ,rik) are rescaled identically. Specifically, if the weight of 
the minimal path changes as 

K -» K + AK 

as a result of the translation, then a non-minimal path of the same particle content 
changes as 

K + N K + N + AK. 

This follows from the previously-mentioned facts that (i) the weight of a non- 
minimal path P is obtained from its minimal path P m i n by counting the number, 
AT, of elementary moves required to obtain P from P m i n , and (ii) N only depends 
on the shape of P, and is thus invariant under translations. 

So all we have to do is (re)calculate the weight of the minimal path of content 
(rii, . . . , n/j) after its translation to the left. This is given by E with 



E 



k 

£ 



j(j -1)^ + 2 



fc k 

<££ 



(j-l)l nj ni+eJ2U 



l)nj 



=3+1 



+ j) nj + -£{£+!) 



L 



3=1 



+ E (< 

j=k—t+i 

When L = (no left-translation) this is the weight of the minimal paths computed 
in [311 Eq. (3.13)]. Eliminating using the restriction 13.20|) . and then writing 
the result in terms of the rrij instead of rij using H3.15bjl . yields 

E = —mCm Lm-i . 

4 2 



We therefore conclude that 
(3.21) Gi(L,M;nx,...,n k ;q)=q 



\raCra—hhm\ 



k-1 

n 

3=1 



Uj + TTlj 



where the rrij follow from (|3.15b|) and where the rij must satisfy l|3.20|l . To obtain 
the full generating function all we need to do is sum over all admissible sequences 
(rti, . . . , rife). Now l|3.20|l may be rewritten as 

+ (C 1 n)i = m +n 2 + ■ 



2k 



with n — (ni, . . . , n.fe_i). Since the right-hand side of l|3.21|l has no explicit depen- 
dence on summing over admissible sequences simply corresponds to summing 
over n £ Z fe_1 such that 

L + M-l 



2k 



+ (C- 1 ji) 1 £ Z. 
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In conclusion, Gi{L, M; q) is given by the right-hand side of IjH. L5af) completing the 
proof of (|3~T5|) . 

Finally we need to return to l|3.7bj) with £ E {1, . . . , k}. Using H3.10j) . Ij3.14jl and 

X^(L,b-,q)=X^'y s (L,p' ~b;q) 

on the left-hand side and eliminating n in the exponent of q on the right-hand side 
we find the following variation on l|3.15a[l : 

(3.22) 

E ?^ 1)( ^ 2i)/4 4-XS +1 (^ k-e+l; q )x2£&*> (L, k + 1; q--) 



i=0 
i=L (mod 2) 



k-1 

Hi + TTli 



11; 



_^fc-l i— 1 

^M+£+ (C -l„) ieZ 

subject to (|3.7al) and l|3.7cl) . 

This time both sides of (|3.22ll may be interpreted as the generating function 
Ht(L,M;q) of lattice paths confined to the strip with weight function as before, 
but with initial vertex (— L, k) and final two vertices (M, k — £), (M + 1, k — £ + 1). 
Obviously there are no admissible paths unless (|3.7a|l and l|3.7c|l are satisfied. 

Previously we defined the generating function Gi t i(L;q) of paths in the strip 
with initial vertex (0, i) and final two vertices (L, £), (L + 1, £ + 1). Let us now also 
define Hi^{L; q) as the generating function of paths in the strip with initial vertex 
(0, i) and final two vertices (L, £), (L + 1,£ — 1). 

Again a path P counted by Hg(L, M; q) may be seen as the concatenation of a 
left-pointing path P_ from (0, k — i) to (— L, k) and a right-pointing path P + from 
(0,k-i) to (M,k-£), (M+l,k-£+l), where k E {0, ...,£} and i = L (mod 2). 
This time we may add a down step from (— L, k) to (— L — 1, k — 1) to P_ without 
changing its weight (so that P_ terminates with a (+, — ) pair of steps). Reflecting 
P_ in the y-axis we thus find 

k 

H e (L,M;q)= E Gfc^^M^iJfe^L;,?- 1 ). 

z=L (mod 2) 

This includes the trivial relations 

H e (0,M;q)=G k , k ^(M;q) and H e (L,0; q) = H k ^ k (L; q' 1 ). 
Once more using (|3.16l) as well as |2] 

ff M (L;g) - q^-^X^\ k+2) {L,£+ 

yields 

Hz(L,M;q) 



i=L ( mod 2) 

in accordance with the left-hand side of H3.22fl . 
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To obtain a fermionic evaluation of Hg{L, M; q) we need [21 Prop. 3] 
G k , k ^(L; ni ,...,n k ; q ) = qi mCm f[ l "' Jr '"' 



where the rrij follow from 

(3.23) m = C'- 1 

and the rij are constraint by 



Lei 



3=1 



2n 



(3.24) 



2^jrij =L+£-2fc. 

3=1 



Again the jmCm in the above summand is the weight of the 'minimal path of 
content (m, . . . , n k )\ 

To obtain Hg(L,M;q) we again replace £ — > i + M in the expression for 
Gk,k-i(L; nx, . . . ,n k ;q) and then translate all paths by L units to the left. As 
before, the weight i? of the minimal path of content (ni, . . . , n k ) needs to be recal- 
culated, yielding 

E = E j(j - \)n) + 2^2 E C? - + ( 2fc - E^' - 1 K 
3=1 3=1 i=j+i i=i 

+ E (J-^K + Jfc(fc-l) + i(fc-£)(3fc-^+l) 

r k 



-L 



^(j-Vnj- hi +1) 



3 = 1 



By (j3~2~3f and (|3~2l|l with L -> L + M this yields 



-E = —mCm Lra^ , 

4 2 



so that 
(3.25) 



A— 1 



H e (L, M; m, . . . , n fc ; <?) = g >c m -iL mi "Q 

3=1 



where the follow from (|3.7c(l and where the rij must satisfy 



(3.26) 



2 E- ?n J = L + M + £ - 2k. 

3=1 



Once again, to obtain the full generating function we need to sum over all admissible 
sequences (ni, . . . , rik). Since (|3.25|) has not explicit n k dependence and since 
may be rewritten as 



l + m + e 

2k 



+ (C 1 n)i = 1 + ni + n 2 + • • • + n k 



with n — (m, . . . , nfc_i), this results in the right-hand side of (|3.22|l . 
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3.5. Proof of Proposition 13751 Let A = (Ai,A2, ...) be a partition, i.e., Ai > 
A2 > • • • > with finitely many A; unequal to zero. The nonzero Ai are called 
the parts of A. The weight |A| of A is the sum of its parts. If mj(A) = m, is 
the multiplicity of the part i in A we will also write A = (l mi , 2 1 ™ 2 , . . . ). Given a 
partition A with largest part at most k — 1 we define 

e\ = e\ 1 +e\ 2 -\ = m i (A)e l . 



For r an integer, er g {0, 1} and A a partition with largest part at most k — 1 the 
following identity was proved in [SH] Cor. 4.1]: 



(3.27a) J2 



L(L+r)/k 



L=0 



0?; q)L(q;q)i 



E 



fc-1 

n 



2L + r-\\l+k 



iii + rrii 



-(C~ 1 n) 1 



E 



7 nC 1 {n — ex) 



where 
(3.27b) 
and 
(3.27c) 



= C~ 



(2L + r)e fc _i + e A - 2n 



\X\+ak = (mod 2). 



Note that a is fixed if k is odd, but can be either or 1 when k is even. 
If we choose A and a as 

A = {k-l,(k- 1)"°) and a = n + 1 (mod 2) 

with I G {1, . . . , k} (when I = 1 or I = k the above should read A = ((k - l)™o +1 ) 
or A = ((k — 1)"°), respectively), then (|3.27|) becomes 

(3.28a) 



E 



L(L+r)/k 



£t? (q;q)L(q;q)L+ r 



E 

2*±-Ha±£_ (c -i„) ie z 
1 



fe-i 

iC _1 (n-n e fc _ 1 -e fc _ £ ) J~J 
i=l 



rij + mi 
m 



E 



q-nC l (n—noe-k-i—ek-t) 

[q;q)m • ■ ' («;?)ti fc _! 1 



— jfc K° n)iGl 



where 
(3.28b) 
and 
(3.28c) 



= C 



(2L + r + %)e fc _i + e fe _ £ - 2n 



n + r + ^ = (mod 2). 
So far we have assumed that I € {1, . . . , k}. If in l|3.27|) we choose 
A=((fc-1)"°) and a = n (mod 2) 
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it easily follows that we obtain the £ = instance of (|3.28|1 . 

The final step in our proof consists of changing the summation indices rii to nk-i 
on both sides of l|3.28a|) (on the left-hand side we of course also change m, — » rrik-i)- 
Since 

(C- 1 n) 1 + (C- 1 ^*-! e Z 

this yields Proposition ^. 31 



4. B = F IN THE LARGE fc LIMIT 

In the large fc limit our proof that B = S = F can be considerably simplified and 
made purely analytic, as will be demonstrated below. 

In fact, since the equivalence between the spinon and fermionic forms of the 
graded characters rests on Proposition 13.31 which does not significantly simplify in 
the large fc limit, we will only consider the B = F correspondence here. 

When fc tends to infinity the bosonic character xfril) °f t| 1 - 1 H|) trivializes to 

V r (q) - V r+2 e+i(q) 

since only the singular vector of lowest conformal dimension yields a non- vanishing 
contribution. This should equate with the large fc limit of the fermionic character 

xlM) of DJ. 

Theorem 4.1. Let i to be a positive integer and r be any integer. Then 

00 (r-n )(r+no+2£)/{ik)+( n ° + 1 )+nC- 1 (n-n e 1 -e e ) 

(4.1) lim V 2 

= V r (q) - V r+2 t+i{q). 

We note that for later convenience we have used that Xt,r{q) — Xt,-r-2t{q) on 
the left-hand side. Hence the restriction on the sum does not exactly match that 
of H3.2JI . We also remark that the summand on the left only makes sense for fc > I. 
Since we consider the large fc limit for fixed I this is of course not a significant issue. 

Before proving the above theorem we first introduce some more notation relating 
to partitions (see Section l3~B|) . The length l(X) of a partition A is the number of 
parts (non-zero A 2 ). If the weight of A is n, i.e., |A| = n we write A h n and say 
that A is a partition of n. We identify a partition with its Ferrers graph, defined by 
the set of points in (i,j) G Z 2 such that 1 < j < Aj. The conjugate A' of A is the 
partition obtained by reflecting the diagram of A in the main diagonal, so that, in 
particular, m^(A) = A^ — X' i+1 . 

Given a partition we set 

n(A)=X)(<-l)Ai = X; 

and 



i>l 



i>l i>l 
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In order to take the limit in (|4.1(l we introduce two partitions A and /i such that 
l(X) < [k/2\ and l(p) < [(k - 1)/2J as follows 

Xi = Ui + n i+ i h ny k / 2 \ , 

Mi = n k-i + Uk-i-l h n 1+ y k / 2 \ ■ 

For example, when k — 7, A = (rti + 71,2 + 723,712+ 71.3, 713), /i = (714 + 77,5 + 77,6, 77,4 + 
n 5 , n 4 ) and conversely, n = (Ai - A 2 , A 2 - A 3 , A 3 , /i 3 , /j 2 - M3,Mi ~ ^2)- 
A simple calculation shows that for £ G {0, . . . , [fc/2j}, 

nC~ x in — noei — ei) 

= E( A ? + M?) - ^Ai - (Ar + • • • + A,) - (|A| + |/x|)(|A| + | M | + n + 

= 2n(A') + 2n(//) + |A| + - rc Ai - (Ai + • • • + X e ) 
-(|A| + |/x|)(|A| + H+no+^)A. 

Also, 

(C- 1 n) 1 = i(|/i|-|A|) + A 1 . 
Using these two results the large k limit can easily be taken leading to 



LHSEU = E £ 



("° 2 +1 )-noAi+2n(A')+2n( AI ') + l^l + lM|-(Ai+---+A < ,) 



no— A,^i 
n =r (mod 2) |A|-|/j| = ^(no-i-) 



X 1 

{q;q)n a bv{q)b^{q) 

To further simplify this we invoke Hall's identity 

g 2n(A) 1 

(with A — > //) to find 

00 00 i+( m 2 +1 )-mA 1 +2n(A')+|A|-(A 1 +---+A f ) 

LHSgU = E E E ? w rm . 

m=r m (mod 2) A ^+2(™-) 

where we have also replaced no by m. Key to showing that this is equal to the 
right-hand side of (|4.1I) is the identity 

°° ( m 2 +1 )-rnAi+2ri(A') + |A|-(Ai+---+A f ) 

( 4 - 3 ) E E - 



m=0 Ahi0 . +m) (<7;<?)mM<?) 

=3 (mod 2) A ^2U + '»; 



OO ( j ~ 2 2i ) (? ( : ' _2i 2 2<!_1 ) 
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where j and £ are integers such that £ > 0. Utilizing this with j — > 2j — r leads to 



LHSgHJ = , \ V 

= K(<?) - K+2^+i(?) 
= R.HS(l4~Tl) 



(q;q)t(q; <?)j 



as desired. 

The rest of this section is devoted to proving l|4.3|) . First we change the summa- 
tion index to to 2m — j, cancel a common factor grw and use 



I A I , A - 



E E fm,x -> -fa 

m— Ahm A 

We are then left with the o = <7~ J instance of 

a 2|A|-A 1? ( 2|A .j +1 )-2|A|A 1 +2n(A') + |A|-(A 1 + ---+A f ) 



(4-4) E 



(aq;q)2\\\ b\>{q) 



{aq;q)c 



E 



a 2^(^)_ Q2l+2Wg f+r 2 ) 

(q;q)i 



Our next step is to rename Ai as k and to let fj, be the partition /i = (A2, A3, . . . ). 
Also denoting \fi\ by j this gives 



LHS63 = E E 

j,k=0 iJ.\-j 



a 2j+k q j(2]+2k+l)+k 2 +k8e t0 +2n( tJ .') + \ tJ .\-( t i 1 + ---+ t i e _ 1 ) 



(aq; q)2j+2k(q; q)k- Ml V(<?) 
The sum over /i can now be performed by the following identity from |&-t| : 



(4-5) E 



? 2n(A') + |A|-i:"i^(g; g ) fc 
{q\q)k-\ l b\> (q) 



k+j-1 
3 



-(l-q k ) 



k + j — m — 1 
j — m — 1 



for m£ {0, . . . , j}. We should remark that the above assumes a slightly different 
definition of the g-binomial coefficient than given in namely 

~(q n+1 ;q)j 



n + j 
3 







i e {0,1,2,...} 

otherwise. 



By (|4.5|l the //-sum times (q;q)k gives 

'k +3-I 



for £ > and 
'k + j- 1 
3 



(±-q k ) 



3 

k + j - l 

3-1 



-(l-q*) 



k + j-i 
3-* 



k + j-1 

3 



q- k (l-q k ) 



k + j 
3 



for £ — 0. Combining the above two expressions we therefore find that 



LHSE3 = E 



a 2j+k q j(2]+2k+l) + k 2 

(aq;q) 23+ 2k(q;q)k 



k+j-1 

3 



(i-<z fe ) 



k + j -I 
3-t 
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This should be equated with the right-hand side of l|4.4|l . In fact, as we shall see, 
the following dissection takes place: 



(4.6) 
and 



a 2]+k q j(2 3 +2k+l)+k 2 

jj^o ( a Q>Qhj+2k(q;q)k 



E 



k+j-i 

j 



Ea 
T, 



2 3 +k q] (2j+2k+l)+k 2 



k + j-i 

j-* . 



l ^ a Il q\ 2 > 



1 - ^ +2e+lq r^) 



(aq; q) 



{q; q)i 



Replacing j^j + £, k^k + 1 and a — » aq 21 1 this last identity may also be 
stated as 



(4.7) 



E 

j,k=0 



a 2j+k q j(2j+2k+l) + k z +k 



(aq;q) 



2j+2k+l 



{q\q)h 



k + j + l 

j 



1 00 2 , 

1 ^ a 2 V 2 > 

( a ?; 9)00 f^i (q;q)i 



independent of £. Both (|4.6|) and 14. 7|) are special cases of the more general 



(4.8) 



E 



a 2j b k qJ U+l) + U+k) 2 (p q k/ a 2. q ). 



j,k^o ( b i'>i)^+2k(q;q)k {q;q) 3 



{bq\q) c 



E 



a 2i gv 2 ) 
(?; <?)i 



To prove this we shift the summation index k — > fc — j and employ basic hypergeo- 
metric notation to get 



6 fc g 



fc=0 



(q;q)k(bq;q) 2 k 



2~l-k/b 2 ,q- k 



a q 



;q,bq 



2k+l 



By Heine's transformation Eq. (III. 2)] 



2 </>i(a, b; c; g, z) = ( c /^' bz,q) 00 jj^j^ ( a b2r/ c, b; 6jst; c/fe) 



this may be rewritten as 

00 

LHSJI3 = E 



(c,z;g) 

ljk q k 2 



{q,bq;q)k 7™ 



2<fl 



a 2 q 2 /bj,q k 

k+i ;9,79 



6g* 



fc=0 
00 k 

^ 0; ?)j (<?; 0?; q)j+k 



Changing the order of the two sums and shifting k — > fc + j this becomes 



„ 2 'g 2 < < 



{q;q)j{bq;q) 2 j j,s 



lim 



2<?>1 



7,5 6g 



2j + l 



7^ 



a 2 V J +J 



= - y 

(&<7;<7)oo^ {q;q)j 

in accordance with the right-hand side of (|4.8|l . To obtain the final expression on 
the right we have employed the g-Gauss sum Eq. (II. 8)] 

(c/a,c/b; q)^ 



2 <j)i (a, b; c;q,c/ab) 



(c, c/ab;q) c 
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Appendix A. The identity ljl.l2jl 

Up to trivial manipulations, the difference between 1)1. 5JI and p. 10(1 is due to a 
different representation of the Verma character V t (q) . 

Indeed, we note that l|1.9fl can be written in q-hypergeometric notation as 

„max{0.f} 

Vt(q) = — 2 0i(O,O; <Z l t l+ 1 ;g,(z) 

By Heine's transformation ^] Eq. (III.l)] 

2 (pi{a,b- 1 c;q,z) = r — 2<Pi(c/&, z; az; q,b) 

(c,z;<?)oo 

this yields 

„max{0,(} 00 ..... 

Since 

oo 

(A.i) ^2(-iy q a i ) +u = o 

for teZ this may be simplified to 

1 oo 

(A.2) H(, ) = _g(_ 1) ./f)-... 

It is this 'bosonic' form for the Verma character that is responsible for those minus 
signs in (|1.5|) that are not due to the usual addition and subtraction of singular 
vectors. 

Substituting (|A.2(I in (|1.1U|) and using that 2r = m — £ we obtain 

-. oo oo 

(A.3) MA*) = E E(- 1 )' 1 ^ (m+lfc)2/4fe 



X 



(«+l+( l +2j)(fe+2)) 2 /4(fe+2) _ («+l-(i-2j)(fe+2)) 2 /4(fe+2)~ 



Replacing j — > —j in the sum corresponding to the second term in the summand and 
then splitting the sum over j and using (jA. 1|> in the form X)i>o • • • = — Si<o ■ • • 
completes the proof of (|1.12J) . 

We should remark that a similar kind of rewriting of the graded verma character 
(|1.17|l may be carried out to yield the bosonic form 



oo oo 



W = 7^yr E EM)'^^ 1 ^. 

An alternative — albeit somewhat indirect — demonstration of l|1.12|l is to show 
that l|1.10|l follows from i|1.2fl and l|1.3|l . This is easily achieved as follows. By the 
Jacobi triple product identity i|2.16[l and the expansion <|2.15[l the denominator of 
(II. 4|) may be put as 

1 „-l/12 T .l/2 ~ 

E x ~ nv n(q), 



E &^(x;q) r,{q) 

CT £{±1} 



71— — OO 
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with V n (q) the character (|1.9|l . 

Multiplying the above expression by the numerator of 1|1.4|) yields 

0-1/12 

xe(x;q) = , s. V cr 



ST x -n-](k+2)-a(t+l)/2+l/2 q ( k+2 \ a i+2{^T) ) y^ q y 



X 

j.n— — oo 

Shifting n — > n — (k + 2)j — (a — 1)(£ + l)/2 and replacing j by crj leads to 



Xe(x;< 



n— — oc> 



with xFr (?) gi ven by Hl.lOfl • Finally setting n = kj + (m — £) /2 with 1 — fc < m < fc 
and using the symmetry Xi,r(q) = Xi,r+jk(q) yields 

xdx;q)= xJ m -i(q) K m(x- iq ). 

m—l—k ' ^ 
m—£ even 
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